Beam Shape Sensing Using Inverse Finite
Element Method: Theory and
Experimental VValidation

M. GHERLONE, P. CERRACCHIO, M. MATTONE, M. DI SCIUVA
and A. TESSLER

ABSTRACT

An inverse Finite Element Method (iFEM) is presented for beam and frame
structures. The method is aimed at reconstructing the complete displacement field
starting from in situ measurements of surface strains. A laboratory experiment is
conducted on a simple cantilever beam subjected to various static loadings.
Experimentally measured strains are used within a single-element iFEM model to
assess the efficiency and predictive capability of the approach with respect to
uncertainties and measurement errors that unavoidably affect real structures.

INTRODUCTION

Real-time reconstruction of the deformed shape of a structure is a key technology
for Structural Health Monitoring (SHM) [1]. The computation of the displacement
field is performed on the basis of in situ strain data computed in real time by a network
of strain sensors. This inverse problem is commonly referred to as shape sensing.

Few approaches in the literature lead to practical algorithms applicable for real-
time shape sensing of aerospace structures (for a more complete review refer to [1,2]).
Ko [3] proposed a one-dimensional scheme based on classical beam theory, in which
the deflection and cross-sectional twist angle of an aircraft wing are determined by
establishing the position of the wing’s neutral axis, using a representative finite
element solution of a wing. The axial surface-strain measurements are specified at the
nodes of a piecewise approximation of the idealized beam; the method is assessed
using the strains from a FEM solution. Maingon and co-workers, [4,5], developed a
finite element formulation, seeking the solution for displacements and loads
simultaneously. Starting from measured displacements and strains and requiring a
priori knowledge of the material properties and a subset of applied loading, the
formulation results in the number of unknowns that is three times the number of
degrees-of-freedom (dof’s) in the finite element discretization. In [5] the effect of
modeling errors is investigated. The approach was also assessed on a damaged beam
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using experimentally measured data. Tessler andgipa/l] developed an inverse
Finite Element Method (iIFEM) for shear-deformablatg and shell structures. The
formulation is based on a least-squares variatipnatiple that allows the full-field
reconstruction of the three-dimensional displacdénvector from measured surface
strains. An experimental assessment of the metlasdpresented in [6,7], where the
deformed shape of a slender beam is reconstrugteah bFEM shell model using
Fiber-Bragg Grating (FBG) strain measurements. RgceGherlone [8,9] presented
an iFEM formulation for shear-deformable beam aramgé structures. Beam and
frame shape-sensing analyses were performed far [dt@] and dynamic [2] loadings
using strain data from high-fidelity FEM models.

The paper presents a brief review of the IFEM vamal formulation that
incorporates experimentally measured strains withisimple inverse beam-frame
element. The element is based on Timoshenko beaonytvhich includes the axial,
bending, torsional and transverse shear defornsat®diaboratory experiment is then
discussed in which a thin-walled cantilevered beantested using a set of static
loadings. The experimentally measured strain-resdétta are then used within a
single inverse-beam element to model the entirenb&ae modeling accuracy of the
iIFEM-reconstructed deformed shape of the beam sesasd by comparing the
predicted displacements with those measured expstaity by the displacement
transducers distributed along the beam’s span.

INVERSE BEAM-FRAME FINITE ELEMENT FORMULATION

Consider an isotropic, straight beam-frame strattmember of Young’'s modulus
E, shear moduluss, and Poisson ratio (Figure 1(a)). The structural member is
referred to a Cartesian coordinate syst(emy, z), where x is positioned along the

centroidal and shear axis, apandz are the cross-section’s principal inertial axes.
The frame member has lendthcross-sectional areég area moments of inertia with
respect to they - and z-axis, |, and|,, and polar moment of inertig, =1, +I ,.

Consistent with the hypotheses of Timoshenko bdseury (each cross-section
remains flat and rigid with respect to thicknesstsh deformations along tlye and
z-axis) [11] and neglecting axial warping due toitmrsthe displacement field is

(%% 3=y 3+ 8, ¥ &( K
u(x 3=\ 3- &( ¥ W xyjE W &()

,» and u, are the displacements along the, y-, and z-axes
respectively;u, v, andw are the corresponding average displaceméhtsg, , and
g, are the rotations about the three coordinate aXbs. kinematic variables

1)

where u,, u

u E[u, v, w, 6, 6, QZT and their positive orientations are shown in Fegur
1(a). The displacement field (1) gives rise tolihear strains
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where thestrain measures(u)=[e, e, &, & & éTare given as

§=U; 56, §=-0,; &= W+0, ¢ V-0, &0, 3

The IFEM formulation reconstructs the deformeddtital shape by minimizing a
weighted least-squares function@l containing the strain measures obtained by in-

situ strain sensorg’, ande(u) defined by Egs. (3), i.e.,
o (u)=[e(v)- €[ (@)

The d(u) functional is then discretized I&/-continuous finite elements with the
displacements!” defined by

u(x)=u"(x)=N(Qu® (5)

where N(x) denotesC’-continuous shape functions ana® the nodal dof's.
Consequently, the total least-squares functionalssm of theéN individual element

contributions, ®*(u"), i.e., qn:zzzlcbe. Accounting for the axial stretching,
bending, twisting, and transverse shearing, thaahe functional is given by [2]

®°(u" EZG:A,( ®f (6)

whereh =[ A%, AJA%, AJAS, AL A2, AJA°], with 7 (k=1,...,6) denoting

dimensionless weight coefficients, a#d the element’s cross-sectional area. The six
components of the element functional are giveha&tclidean norms

ol E%i[ek(‘)_ €] (k=1..,6) 7)

where L° is the element lengthy is the number of strain sensors within an element,
and x (0<x < L%) are the positions at which the strain sensorsoaeged, with the

superscriptd denoting the strain measures that are computed tihe strain sensor
values (experimental values) at tkdocations. Invoking Egs. (2) and (5), the analytic

element-level strain measures are expressed iixrf@tn as
e(u) = B(x)u* (8)

where the matrixB(x) contains the derivatives of the shape functidwex) .
Substituting Eqg. (8) into Eq. (7) and minimizing telement functional with respect to
u® results in the element matrix equatikfu® =k ¢, wherek® depends only on the



measurement locationg , whereas the vectof® depends on the experimentally

measured strains [9]. Assembly of the element tmritons for the total problem
discretization, while taking into account transfatimns from the element (local) to
the global coordinate system, and upon specifyiiegproblem boundary conditions,
results in a non singular system of matrix equatminthe formKU =F. The solution

of these equations fdJ is efficient: theK matrix is inverted only once, since it is
independent of the measured strains and remaif&anged for a given distribution of
strain sensors. ThE vector, howeveris dependent on the measured strain values;
thus, at any strain measurement update during rdefmn, the matrix-vector
multiplication provides the solution for the unknownodal displacement dof's
contained irJ.
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Figure 1. (a) Beam geometry and kinematic varialfigsnverse finite element geometry and dof's.

For frame structural elements loaded only by foraed moments at the end
points, the strain measures can be shown to exkilgit following span-wise
distributions:g, e,, g, andeg, are constant, where@ and e, are linear [9]. From

Eqg. (3), it is deduced that and 6, are linear,§, and 8, parabolic,v andw cubic.
Thus, the following interpolations are adopted [2)9 (also refer to Figure 1(b)):

u($)=2, 17 (¢)u; g.(€)=2 1 (¢)8,

i=1,2 i=1,2

(=2 0(E)y- ¥ N(Q)a; 6(8)= 3 (g ©

i=1,2 j=1r ,2 j=1r,2

w(&) =2 L (Ew+ 2 NP(£)g;: 6(6)= 2 17(£)6,
i=1,2 j=1r ,2 j=1r .2
whereé = (2x/L° —1)D[—1,]] is a non-dimensional axial coordinate; the suptei,
r and 2 denote positions along the beam lengtf at-1, £ =0, and é =+1,
respectively;L® (§) (i =1,2) are linear Lagrange polynomials{® (¢) (j =1r,2)
are quadratic Lagrange polynomials. The cuki¢ (¢) (j =1r,2) polynomials are

obtained from standard cubic Lagrange polynomigleriforcing the transverse shear
strain measurese( and e,) to be constant along the element (refer to [2]the



expression ofN‘¥(£).) The element has fourteen dof's: six at eachrestle plus
the rotationsg,, and 6, at the mid-span. The two internal rotation doffe a
condensed out statically to achieve a two-noddyendof element.

(@) (b)

Figure 2. (a) Orthogonal and cylindrical coordinggstems, (b) strain gauge location and coordinates

A key step in the formulation is to compute theaistrmeasuresg’, from the
experimentally measured surface strains. We shsliict the present analysis to the
beam-frame members with circular cross-sectionyg, arld employ the cylindrical

coordinate systen(ﬁ, x,r) shown in Figure 2(a). A strain gauge is placedttan
external surfacer(=R,,), at x=x, and is oriented along th# and S angles (refer
to Figure 2(b)). The relation between the measwtegin £, and the six strain
measures ax = x is [8,9]

(% 08)=a (v el A Fv § SR 0 Fev i 6F o
+6(%)Gs6-6( A £55 & KGR

where ¢, =cosf, s, =sind, ¢, =cosf, and s, =sin3. For the case of end-node
forces and moments, the constant distributiong 0§,, €, ande; and lineare, and

e, can be determined requiring a total of eight straeasurements. This number may

be reduced to six by invoking the equilibrium eguag of Timoshenko beam theory
which relate the bending momentd (, M, ) to the transverse shear forc€ (Q,)

dM, /dx = Q,~ Elg,= kaGAg; dM y/d *Q,~ Elg= kca (11
where kj andk’ denote the shear correction factors [9,11].

EXPERIMENTAL RESULTS

The application of IFEM for beam and frame struesunas been carried out using
a laboratory experiment conducted atAtERMECLaboratory of the Aeronautics and
Space Engineering Department of Politecnico di i@riThe test article, shown in



Figure 3(a), is a thin-walled circular cross-settilam having thickness2 mm,
external radiufex=40 mm and length=800 mm. The material is a 6060 aluminum
alloy (E=61,922 MPa,=0.33). The beam has been mounted on a test-bed in
cantilevered configuration with one end clampedvieen two couples of iron blocks
locked together by twelve bolted connections. Fdifferent load cases have been
considered (Figure 3(b)): (i) tip vertical forc@&) {ip horizontal force, (iii) tip force
inclined at 30° with respect to the horizonyadxis of the cross-section, and (iv) tip
vertical force applied at a distange300 mm from the center of the cross-section. The
loading has been achieved by placing several wemht cradle (for a total weight of
F=26.83 Kg). For cases (i), (ii), and (iii), the dimwas linked to a screw at the center
of the beam tip cross-section while; for load c@agg the cradle was suspended to a
proper lever arm provided by a thick plate embedddde beam tip (Figure 3(a)).

(b)
Figure 3. (a) Experimental set-up (A: clamping eystB: lever arm for load case (iv), C: loadingtsgs
D: LVDT transducers, E: aluminum beam), (b) loasesa

Nine stacked strain rosettes have been placedeat different stations along the beam
(x=L/3,L/2, 2./3); for each station, the three rosettes are glaté=—120°, 0°, +120°,
respectively. Each rosette has three strain gawggesuing ap=0°, 45°, 90° (Figure
2(b)). Table | shows the strain gauge configuratiased. In the notation, the first
number indicates the number of strain measuremantsihe letter “E” signifies the
use of Egs. (11). LVDT measurements have also kedan at different locations
along the beam length (Figure 3(a)) and used &sathe iIFEM-recovered deflections
and rotations. For all load cases, a single invelsment is used to model the entire

beam, using}) =1 (k=1,...,6), see Eq. (6).
Table Il summarizes the experimental and IFEM tesuiior each loading, the

measured deflections and rotations are shown,hegetith the percent difference
with the corresponding iIFEM predictions.



TABLE I. STRAIN GAUGE DISTRIBUTIONS
(ORIENTATIONS ARE EXPRESSED IN DEGREES).

Notation| Orientation @, 3) atx=L/3 Orientation @, B) atx=L/2 | Orientation @, §) atx=2L/3
6Ea i (-120,0), (-120,45), (0,0), i
(0,45), (120,0), (120,45)
6Eb (-120,0), (0,0), (120,0) - (-120,0), (0,452@D)
8a (-120,0), (-120,45), (0,0), i (0,0), (0,45), (120,0),
(120,45) (120,45)
sb (-120,0) (-120,0), (-120,45), (0,0), (120,0)

(0,45), (120,0), (120,45)

TABLE Il. EXPERIMENTAL AND IFEM RESULTS: DEFLECTION AND ROTATIONS
MEASURED BY LVDT AND PERCENT DIFFERENCE (IN BOLDN IFEM PREDICTIONS
USING A SINGLE INVERSE-ELEMENT MODEL.

Measured displacements w(L/2) | w(3L/4) | w(7L/8) wi(L)
Load (mm) -0.648 -1.300 -1.635 -1.9845
case 6Ea -9.48 -7.82 -5.11 -3.09
iIFEM 6Eb -2.85 -2.45 -0.36 0.88
0] % difference 8a -1.07 -0.86 0.01 2.22
8b -1.52 -1.12 0.92 2.12
Measured displacements v(L/2) v(3L/4) | v(7L/8) v(L)
Load (mm) 0.636 1.272 1.648 1.994
case 6Ea -4.73 -3.70 -4.34 -2.61
iIFEM 6Eb -4.00 -3.59 -4.58 -3.24
(i) % difference 8a -5.24 -3.98 -4.62 -2.95
8b -2.87 -1.99 -2.87 -1.42
Measured displacements v(3L/4) | v(7L/8) v(L) w(3L/4)] w(7L/8 w(L)
Load (mm) 1.098 1414 1.667 0.644 0.802 0.96
case 6Ea -8.81 -8.44 -3.85 1.61 4.66 6.98
iIFEM 6Eb -4.83 -5.28 -1.48 -0.70 2.40 4.81
(iii) % difference 8a -5.97 -6.00 -1.79 -1.65 1.68 4.14
8b -4.35 -4.55 -0.46 1.93 4.83 6.75
Measured displacements w(L/2) | w(3L/4) | w(7L/8) wi(L) o(L)
Load | (mm) and rotations (rad) -0.664 | -1.319| -1.647| -1.958 3.5Xi(
case 6Ea -11.15 -8.70 -5.39 -1.37 -9.36
iIFEM 6Eb -7.15 -5.69 -2.90 0.50 -5.23
(iv) % difference 8a -4.10 -3.12 -0.58 251 -7.84
8b -5.37 -3.83 -0.95 255 -9.36

In all loading cases and using any of the consitistein-gauge configurations, the
IFEM-predicted tip deflections differ from the maesd values by less than 7%. The

deflections computed along the beam span exhilstgghtly higher differences,

however, not exceeding 12%. The iFEM model thatl @sght strain gauges generally

produced more accurate predictions compared taiiastrain gauge configuration,
with the exception of case (iv) corresponding td 6khich produced a slightly
superior prediction for the tip twist rotation.
The results of this first experimental assessmémftEM for beams confirm

the accuracy and efficiency of the present fornmaiparticularly taking into account
that only a single inverse element was used to htbddeam.




CONCLUSIONS

An inverse finite element method (iIFEM) has beeesented for the full-field
reconstruction of the Timoshenko-type beam-franmeriatics, using experimentally
measured strains as input quantities in the fortioula The approach has been
demonstrated on a cantilevered beam tested underatestatic loading cases in a
mechanics laboratory. Strains measured by diffesetst of strain gauges, attached to
the beam’s external surface, have been employti imverse analyses. Using only a
single-element model, the iIFEM-reconstructed damteents and rotations compared
favorably with those measured experimentally. Thiectveness of the IFEM
modeling has been shown to depend on the layouhamdber of strain gauges. The
results of the present effort also point towarasgbssibility of determining optimally
distributed locations of the strain gauges in otdeachieve further improvements in
the shape-sensing predictions.

ACKNOWLEDGMENTS

The authors gratefully acknowledge the fundamergahtribution to the
experimental activity by Mr. Giuseppe Ruvinetti Bblitecnico di Torino. The first
author acknowledges the support of Politecnico @rinb within the Young
Researchers Program 2010

REFERENCES

1. Tessler, A., Spangler, J.L. 2005. A least-squaagistional method for full-field reconstruction of
elastic deformations in shear-deformable platessietls, Comput. Methods Appl. Mech. Engrg.
194:327-339.

2.  Gherlone, M., Cerracchio, P., Mattone, M., Di SeiuMM., Tessler, A. Dynamic shape
reconstruction of three-dimensional frame strugturging the inverse finite element method, Ili
ECCOMAS Them. Conf. Comp. Meth. in Struct. Dynamd &arthquake Engrg., Corfu, Greece.

3. Ko, W. L., Richards, W. L., Fleischer, V. T. 200%pplications of the Ko displacement theory to
the deformed shape predictions of the doubly-tapkdeana wingNASA/TP-2009-21465R-30.

4. Maincon, P. 2004. Inverse FEM . Load and respoastmates from measurements,
International Conference on Structural Engineerifdgechanics and Computatio€ape Town,
South Africa.

5. Barnardo, C., Maincon, P. 2004. Inverse FEM IVidefce of modelling errot] International
Conference on Structural Engineering, Mechanics @nchputation Cape Town, South Africa.

6. Vazquez, S.L., Tessler, A. Quach, C.C., Cooper,,Barks, J., Spangler, J.L. 2005. Structural
health monitoring using high-density fiber opticast sensor an in verse finite element methods,
NASA Report, NASA/TM-2005-213761.

7. Quach C.C., Vazquez, S.L., Tessler, A., Moore, CBoper, E.G., Spangler, J.L. 2005. Structural
anomaly detection using fiber optic sensors an@rse finite element method. AIAA Guid.,
Navig., and Cont. Conf. and Exhibit, San Franci§talifornia, AIAA-2005-6357.

8. Gherlone, M. 2008. Beam inverse finite element fdation,LAQ RepPolitecnico di Torino, 1.

9. Cerracchio, P., Gherlone, M., Mattone, M., Di SeiuM., Tessler, A. 2010. Inverse finite element
method for three-dimensional frame structuBd$,SP RepPolitecnico di Torino, 285.

10. Cerracchio, P., Gherlone, M., Mattone, M., Di SeiuWl., Tessler A. 2010. Shape sensing of
three-dimensional frame structures using the imvefisite element method, "V European
Workshop on Structural Health Monitoring, Sorretitaly.

11. Timoshenko, S. P. 1921. On the correction for slufadifferential equations for transverse
vibrations of prismatic bar®hilosophical Magazine}1:744—746.



	Main Menu
	Author Index
	How to Use This CD-ROM
	Search
	Print

	Table of Contents
	VOLUME 1
	AEROSPACE STRUCTURES: LABORATORY DEMONSTRATION
	Monitoring the Degradation by Fire of Composite Laminates by Embedded FBG Sensors
	Nonlinear Ultrasonic Techniques for Nondestructive Damage Assessment in Metallic Materials
	Hierarchical Sensing System Combining a Fiber-Optic Network and Distributed Built-in Capillary Sensors for Impact Damage Monitoring of CFRP Structures
	Waveguided and Noncontacting Thermoacoustic Sensing of Thermal Protection Systems
	Piezoelectric Wafer Active Sensor Network for Aircraft Structures Damage Localisation: Pitch-Catch Method
	Detecting the Point of Impact on an Anisotropic Cylindrical Surface Using Only Four Acoustic Sensors
	Impact Damage Assessment by Sensor Signal Analysis
	Beam Shape Sensing Using Inverse Finite Element Method: Theory and Experimental Validation
	Integrated Optical Fibers into Aluminum Extrusions Enabling Structural Health Monitoring of Aerospace Structures
	Early Results of Lamb Waves Approach to Assess Corrosion Damage Using Direct Image Path in an Aeronautical Aluminum Alloy
	Contact Pressure and Ultrasonic Damage Feature(s) in Health Monitoring of L-Shape Bolted Joints in AerospaceStructures
	Application of Unscented Kalman Filters, Wavelet Packet Transforms and Feedback Control to Monitoring and Compensate Damaged Aircraft Structures
	Bond Graph Model of a Thin SHM Piezoelectric Energy Harvester
	Impact Location Based on Multi-Agent Coordination and Fusion for Large Structures
	An Integrated Monitoring System for Damage Detection by Carbon Fibers and Optical Fibers
	Advanced Approach for Multi-Site Damage Monitoring on Aircraft Fuselage Panel Using Sparse PZT Actuator/Sensor Arrays
	Anomalous Wave Propagation Imaging with Adjacent Wave Subtraction: Composite Wing Application



	Main Menu
	Author Index
	How to Use This CD-ROM
	Search
	Print

	Table of Contents
	VOLUME 1
	AEROSPACE STRUCTURES: LABORATORY DEMONSTRATION
	Monitoring the Degradation by Fire of Composite Laminates by Embedded FBG Sensors
	Nonlinear Ultrasonic Techniques for Nondestructive Damage Assessment in Metallic Materials
	Hierarchical Sensing System Combining a Fiber-Optic Network and Distributed Built-in Capillary Sensors for Impact Damage Monitoring of CFRP Structures
	Waveguided and Noncontacting Thermoacoustic Sensing of Thermal Protection Systems
	Piezoelectric Wafer Active Sensor Network for Aircraft Structures Damage Localisation: Pitch-Catch Method
	Detecting the Point of Impact on an Anisotropic Cylindrical Surface Using Only Four Acoustic Sensors
	Impact Damage Assessment by Sensor Signal Analysis
	Beam Shape Sensing Using Inverse Finite Element Method: Theory and Experimental Validation
	Integrated Optical Fibers into Aluminum Extrusions Enabling Structural Health Monitoring of Aerospace Structures
	Early Results of Lamb Waves Approach to Assess Corrosion Damage Using Direct Image Path in an Aeronautical Aluminum Alloy
	Contact Pressure and Ultrasonic Damage Feature(s) in Health Monitoring of L-Shape Bolted Joints in AerospaceStructures
	Application of Unscented Kalman Filters, Wavelet Packet Transforms and Feedback Control to Monitoring and Compensate Damaged Aircraft Structures
	Bond Graph Model of a Thin SHM Piezoelectric Energy Harvester
	Impact Location Based on Multi-Agent Coordination and Fusion for Large Structures
	An Integrated Monitoring System for Damage Detection by Carbon Fibers and Optical Fibers
	Advanced Approach for Multi-Site Damage Monitoring on Aircraft Fuselage Panel Using Sparse PZT Actuator/Sensor Arrays
	Anomalous Wave Propagation Imaging with Adjacent Wave Subtraction: Composite Wing Application




